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So about that D-Wave…



The D-Wave User Manual (first order approximation)
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So what?

Max-Cut Max-Independent Set
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WOW!
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Quadratic Unconstrained 
Binary Optimization (QUBO)



Research Agenda

1. Pick your favorite combinatorial optimization benchmark library 

2. Encode as an Ising model and solve on the D-Wave 

3. Revolutionize the field of discrete optimization 

4. Graciously accept Turing Award 

5. Retire



A First Attempt: DIMACS Max-Clique

http://iridia.ulb.ac.be/~fmascia/maximum_clique/DIMACS-benchmark



A First Attempt: DIMACS Max-Clique

Table 1: Quality and Runtime Results on Max Clique Cases.

gurobi dwave

Case |N | |E| Best Sol. Opt. Gap Time Best Sol. Best Inf. Samples Time

C015 9 15 12 -11 0% <1 -11 9073 1 10000 0+3

C020 9 20 17 -14 0% <1 -14 8370 85 10000 0+3

C030 9 30 44 -16 0% <1 -16 5651 123 10000 0+3

C040 9 40 77 -18 0% <1 -18 3865 316 10000 0+4

C050 9 50 108 -24 0% <1 -24 16 1254 10000 0+4

C060 9 60 158 -25 0% <1 -25 22 5465 10000 0+5

C070 9 70 215 -27 0% <1 -26 1 9855 10000 4+5

C080 9 80 306 -29 0% <1 F.E. - - - T.L.

C090 9 90 407 -29 0% 1.0 F.E. - - - T.L.

C100 9 100 508 -30 0% 2.0 F.E. - - - T.L.

C110 9 110 615 -32 0% 5.1 F.E. - - - T.L.

C120 9 120 729 -32 0% 45 F.E. - - - T.L.

C125 9 125 787 -34 0% 55 F.E. - - - T.L.

C250 9 250 3141 -43 40% T.L. F.E.
⇤

- - - T.L.

T.L. - reached a time limit of 3600 seconds, F.E. - failed to embed in 3600

seconds, F.E.
⇤
- proved problem cannot be embedded on C12

F.E.  
Failed  
Embed

T.L.  
Time  
Limit 

(1 hour)

(Straw Man)

Hard Library Problems :: nodes 4,000 - edges 4,000,000

ISTI RR 2016



An Inconvenient Reality

Every attempt to show D-Wave supremacy via 
combinatorial optimization has failed…



What’s Going On?

Table 1: Quality and Runtime Results on Max Clique Cases.

gurobi dwave

Case |N | |E| Best Sol. Opt. Gap Time Best Sol. Best Inf. Samples Time

C015 9 15 12 -11 0% <1 -11 9073 1 10000 0+3

C020 9 20 17 -14 0% <1 -14 8370 85 10000 0+3

C030 9 30 44 -16 0% <1 -16 5651 123 10000 0+3

C040 9 40 77 -18 0% <1 -18 3865 316 10000 0+4

C050 9 50 108 -24 0% <1 -24 16 1254 10000 0+4

C060 9 60 158 -25 0% <1 -25 22 5465 10000 0+5

C070 9 70 215 -27 0% <1 -26 1 9855 10000 4+5

C080 9 80 306 -29 0% <1 F.E. - - - T.L.

C090 9 90 407 -29 0% 1.0 F.E. - - - T.L.

C100 9 100 508 -30 0% 2.0 F.E. - - - T.L.

C110 9 110 615 -32 0% 5.1 F.E. - - - T.L.

C120 9 120 729 -32 0% 45 F.E. - - - T.L.

C125 9 125 787 -34 0% 55 F.E. - - - T.L.

C250 9 250 3141 -43 40% T.L. F.E.
⇤

- - - T.L.

T.L. - reached a time limit of 3600 seconds, F.E. - failed to embed in 3600

seconds, F.E.
⇤
- proved problem cannot be embedded on C12

(Straw Man)

F.E.  
Failed  
Embed

T.L.  
Time  
Limit 

(1 hour)



Overview

• What does the D-Wave Compute? 

• The basic approach to Discrete Optimization via the D-Wave 

• Mathematics of Boltzmann Sampling 

• Mathematics of Chains 

• The Indecisive Ising Model 

• The Consensus QUBO Model 

• Mitigations and Conclusions



Los Alamos National Laboratory

What does a D-Wave Compute?



The D-Wave User Manual (first order approximation)

G = (N , E)
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Solves



The User’s Perspective

Ising Model  
Specification

D-Wave

Runtime Parameters 
(e.g. # of replicates)

Variable 
Assignments

count �1 �2 . . . �n

342 -1 1 . . . 1
173 1 -1 . . . -1
12 1 1 . . . -1
. . . . . . . . . . . . . . .

<latexit sha1_base64="RRMlsoZgLoUnSqKZB7KMyh7lZxQ="></latexit>
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Hold the phone…



Beyond the D-Wave User Manual (second order approx.)

The Ising model: teaching an old problem new tricks

Zhengbing Bian, Fabian Chudak, William G. Macready⇤, Geordie Rose

D-Wave Systems

August 30, 2010

Abstract

In this paper we investigate the use of hardware which physically realizes quantum
annealing for machine learning applications. We show how to take advantage of the hard-
ware in both zero- and finite-temperature modes of operation. At zero temperature the
hardware is used as a heuristic minimizer of Ising energy functions, and at finite tempera-
ture the hardware allows for sampling from the corresponding Boltzmann distribution. We
rely on quantum mechanical processes to perform both these tasks more efficiently than is
possible through software simulation on classical computers. We show how Ising energy
functions can be sculpted to solve a range of supervised learning problems. Finally, we val-
idate the use of the hardware by constructing learning algorithms trained using quantum
annealing on several synthetic and real data sets. We demonstrate that this novel approach
to learning using quantum mechanical hardware can provide significant performance gains
for a number of structured supervised learning problems.

1 Background

Not all computational problems are created equal. Some problems are so simple that even large
instances may be solved rapidly. Other problems are intractable – once the problem is large
enough there is essentially no hope of solving it exactly. Computer scientists have formalized
this observation, and divided problems into complexity classes of varying difficulty. To enable
this classification, both the kinds of problems we are interested in solving and the tools used
to attack these problems must be defined. We consider two kinds of problems: decision prob-
lems having a yes or no answer, and optimization problems which seek to minimize a cost or
energy measure. For both kinds of problems we consider their solution with either classical or
quantum resources.

Consider the familiar Sudoku puzzle from the daily newspaper. The goal is to assign num-
bers 1 to 9 to the empty cells of a partially filled 9⇥ 9 grid such that a variety of constraints
are satisfied (the numbers in each row, column, and in each of nine 3⇥ 3 sub-squares must be
distinct). The decision or yes/no version of this problem asks whether there is an assignment
⇤Author to whom correspondence should be addressed.

1

https://www.dwavesys.com/resources/publications?type=internal

min :
X

i,j2E
cij�i�j +
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i2N
ci�i

s.t.

�i 2 {�1, 1} 8i 2 N
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Discrete Optimization

Boltzmann Sampler

P (�) /e

X

i,j2E
cij�i�j +

X

i2N
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⌧

�i 2 {�1, 1}
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Learning a Model of the D-Wave

𝜇( 𝜎_) ∝ exp ∑
𝑖

h𝑖𝜎𝑖 + ∑
𝑖𝑗

𝐽𝑖𝑗𝜎𝑖𝜎𝑗 + ∑
𝑖𝑗𝑘

𝐽𝑖𝑗𝑘𝜎𝑖𝜎𝑗𝜎𝑘 + ∑
𝑖𝑗𝑘𝑙

𝐽𝑖𝑗𝑘𝑙𝜎𝑖𝜎𝑗𝜎𝑘𝜎𝑙 + ⋯

1st Order 2nd Order 3rd Order 4th Order

Optimal Structure and Parameter 
Learning of Ising Models

A. Lokhov, M. Vuffray, S. Misra, M. Chertkov

Interaction Screening: Efficient and 
Sample-Optimal Learning of Ising Models

M. Vuffray, S. Misra, A. Lokhov, M. Chertkov
(2018)(2016)

https://github.com/lanl-ansi/inverse_ising

Sidhant Misra

Marc Vuffray

Andrey Lokhov



Learned D-Wave Model

min :
X

i,j2E
cij�i�j +

X

i2N
ci�i

s.t.
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D-Wave

Ising Model  
Specification

Runtime Parameters 
(e.g. # of replicates)

⌧ ⇡ 0.1
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Boltzmann 
Sampler

P (�) /e

0

BBBB@

X

i,j2E
cij�i�j +

X

i2N
ci�i

1

CCCCA

⌧

�i 2 {�1, 1}
<latexit sha1_base64="c2QBIV85TN6OiYE8O3ruGsBvZPY="></latexit>

Optimal Structure and Parameter 
Learning of Ising Models

A. Lokhov, M. Vuffray, S. Misra, M. Chertkov

Interaction Screening: Efficient and 
Sample-Optimal Learning of Ising Models

M. Vuffray, S. Misra, A. Lokhov, M. Chertkov
(2018)(2016)

https://github.com/lanl-ansi/inverse_ising



Revised Model (second order approximation)

G = (N , E)
<latexit sha1_base64="XEr6qNCGMGEwI8qLu87BeNa+AX4=">AAAB+3icbVBNS8NAEJ3Ur1o/GvXoZbEIFUpJRLAXoSCiJ6lgP6ANZbPdtEt3k7C7EUroL/GoXsSrP8WD/8Ztm4O2Phh4vDfDzDw/5kxpx/m2cmvrG5tb+e3Czu7eftE+OGypKJGENknEI9nxsaKchbSpmea0E0uKhc9p2x9fz/z2E5WKReGjnsTUE3gYsoARrI3Ut4s9gjm6RVeofF+5OUN9u+RUnTnQKnEzUoIMjb791RtEJBE01IRjpbquE2svxVIzwum00EsUjTEZ4yHtGhpiQZWXzg+folOjDFAQSVOhRnP190SKhVIT4ZtOgfVILXszseKL/+xuooOal7IwTjQNyWJXkHCkIzQLAg2YpETziSGYSGbORWSEJSbaxFUwObjLX6+S1nnVdaruw0WpXssSycMxnEAZXLiEOtxBA5pAIIFneIU3a2q9WO/Wx6I1Z2UzR/AH1ucPO2yR5A==</latexit><latexit sha1_base64="XEr6qNCGMGEwI8qLu87BeNa+AX4=">AAAB+3icbVBNS8NAEJ3Ur1o/GvXoZbEIFUpJRLAXoSCiJ6lgP6ANZbPdtEt3k7C7EUroL/GoXsSrP8WD/8Ztm4O2Phh4vDfDzDw/5kxpx/m2cmvrG5tb+e3Czu7eftE+OGypKJGENknEI9nxsaKchbSpmea0E0uKhc9p2x9fz/z2E5WKReGjnsTUE3gYsoARrI3Ut4s9gjm6RVeofF+5OUN9u+RUnTnQKnEzUoIMjb791RtEJBE01IRjpbquE2svxVIzwum00EsUjTEZ4yHtGhpiQZWXzg+folOjDFAQSVOhRnP190SKhVIT4ZtOgfVILXszseKL/+xuooOal7IwTjQNyWJXkHCkIzQLAg2YpETziSGYSGbORWSEJSbaxFUwObjLX6+S1nnVdaruw0WpXssSycMxnEAZXLiEOtxBA5pAIIFneIU3a2q9WO/Wx6I1Z2UzR/AH1ucPO2yR5A==</latexit><latexit sha1_base64="XEr6qNCGMGEwI8qLu87BeNa+AX4=">AAAB+3icbVBNS8NAEJ3Ur1o/GvXoZbEIFUpJRLAXoSCiJ6lgP6ANZbPdtEt3k7C7EUroL/GoXsSrP8WD/8Ztm4O2Phh4vDfDzDw/5kxpx/m2cmvrG5tb+e3Czu7eftE+OGypKJGENknEI9nxsaKchbSpmea0E0uKhc9p2x9fz/z2E5WKReGjnsTUE3gYsoARrI3Ut4s9gjm6RVeofF+5OUN9u+RUnTnQKnEzUoIMjb791RtEJBE01IRjpbquE2svxVIzwum00EsUjTEZ4yHtGhpiQZWXzg+folOjDFAQSVOhRnP190SKhVIT4ZtOgfVILXszseKL/+xuooOal7IwTjQNyWJXkHCkIzQLAg2YpETziSGYSGbORWSEJSbaxFUwObjLX6+S1nnVdaruw0WpXssSycMxnEAZXLiEOtxBA5pAIIFneIU3a2q9WO/Wx6I1Z2UzR/AH1ucPO2yR5A==</latexit><latexit sha1_base64="XEr6qNCGMGEwI8qLu87BeNa+AX4=">AAAB+3icbVBNS8NAEJ3Ur1o/GvXoZbEIFUpJRLAXoSCiJ6lgP6ANZbPdtEt3k7C7EUroL/GoXsSrP8WD/8Ztm4O2Phh4vDfDzDw/5kxpx/m2cmvrG5tb+e3Czu7eftE+OGypKJGENknEI9nxsaKchbSpmea0E0uKhc9p2x9fz/z2E5WKReGjnsTUE3gYsoARrI3Ut4s9gjm6RVeofF+5OUN9u+RUnTnQKnEzUoIMjb791RtEJBE01IRjpbquE2svxVIzwum00EsUjTEZ4yHtGhpiQZWXzg+folOjDFAQSVOhRnP190SKhVIT4ZtOgfVILXszseKL/+xuooOal7IwTjQNyWJXkHCkIzQLAg2YpETziSGYSGbORWSEJSbaxFUwObjLX6+S1nnVdaruw0WpXssSycMxnEAZXLiEOtxBA5pAIIFneIU3a2q9WO/Wx6I1Z2UzR/AH1ucPO2yR5A==</latexit>

G ✓ C16
<latexit sha1_base64="5bNLIujNkp3UHSB6Fgo0B/oSiDg=">AAACBXicbVDLSsNAFJ34rPUVdSVuBovgQkoiol0WutBlBfuAJoTJ9KYdOnk4MxFKCC79EpfqRtz6FS78G6dtFtp64MLhnHu59x4/4Uwqy/o2lpZXVtfWSxvlza3tnV1zb78t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KPGxO88gJAsju7UOAE3JIOIBYwSpSXPPMwcSji+zrEjU1+Cgnvc8DL7MvfMilW1psCLxC5IBRVoeuaX049pGkKkKCdS9mwrUW5GhGKUQ152UgkJoSMygJ6mEQlButn0hRyfaKWPg1joihSeqr8nMhJKOQ593RkSNZTz3kQ888P/7F6qgpqbsShJFUR0titIOVYxnkSC+0wAVXysCaGC6XMxHRJBqNLBlXUO9vzXi6R9XrWtqn17UanXikRK6Agdo1NkoytURzeoiVqIokf0jF7Rm/FkvBjvxsesdckoZg7QHxifPyK7l5w=</latexit><latexit sha1_base64="5bNLIujNkp3UHSB6Fgo0B/oSiDg=">AAACBXicbVDLSsNAFJ34rPUVdSVuBovgQkoiol0WutBlBfuAJoTJ9KYdOnk4MxFKCC79EpfqRtz6FS78G6dtFtp64MLhnHu59x4/4Uwqy/o2lpZXVtfWSxvlza3tnV1zb78t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KPGxO88gJAsju7UOAE3JIOIBYwSpSXPPMwcSji+zrEjU1+Cgnvc8DL7MvfMilW1psCLxC5IBRVoeuaX049pGkKkKCdS9mwrUW5GhGKUQ152UgkJoSMygJ6mEQlButn0hRyfaKWPg1joihSeqr8nMhJKOQ593RkSNZTz3kQ888P/7F6qgpqbsShJFUR0titIOVYxnkSC+0wAVXysCaGC6XMxHRJBqNLBlXUO9vzXi6R9XrWtqn17UanXikRK6Agdo1NkoytURzeoiVqIokf0jF7Rm/FkvBjvxsesdckoZg7QHxifPyK7l5w=</latexit><latexit sha1_base64="5bNLIujNkp3UHSB6Fgo0B/oSiDg=">AAACBXicbVDLSsNAFJ34rPUVdSVuBovgQkoiol0WutBlBfuAJoTJ9KYdOnk4MxFKCC79EpfqRtz6FS78G6dtFtp64MLhnHu59x4/4Uwqy/o2lpZXVtfWSxvlza3tnV1zb78t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KPGxO88gJAsju7UOAE3JIOIBYwSpSXPPMwcSji+zrEjU1+Cgnvc8DL7MvfMilW1psCLxC5IBRVoeuaX049pGkKkKCdS9mwrUW5GhGKUQ152UgkJoSMygJ6mEQlButn0hRyfaKWPg1joihSeqr8nMhJKOQ593RkSNZTz3kQ888P/7F6qgpqbsShJFUR0titIOVYxnkSC+0wAVXysCaGC6XMxHRJBqNLBlXUO9vzXi6R9XrWtqn17UanXikRK6Agdo1NkoytURzeoiVqIokf0jF7Rm/FkvBjvxsesdckoZg7QHxifPyK7l5w=</latexit><latexit sha1_base64="5bNLIujNkp3UHSB6Fgo0B/oSiDg=">AAACBXicbVDLSsNAFJ34rPUVdSVuBovgQkoiol0WutBlBfuAJoTJ9KYdOnk4MxFKCC79EpfqRtz6FS78G6dtFtp64MLhnHu59x4/4Uwqy/o2lpZXVtfWSxvlza3tnV1zb78t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KPGxO88gJAsju7UOAE3JIOIBYwSpSXPPMwcSji+zrEjU1+Cgnvc8DL7MvfMilW1psCLxC5IBRVoeuaX049pGkKkKCdS9mwrUW5GhGKUQ152UgkJoSMygJ6mEQlButn0hRyfaKWPg1joihSeqr8nMhJKOQ593RkSNZTz3kQ888P/7F6qgpqbsShJFUR0titIOVYxnkSC+0wAVXysCaGC6XMxHRJBqNLBlXUO9vzXi6R9XrWtqn17UanXikRK6Agdo1NkoytURzeoiVqIokf0jF7Rm/FkvBjvxsesdckoZg7QHxifPyK7l5w=</latexit>
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<latexit sha1_base64="RLfi++rAIw/scucRmP64qyGxw2A="></latexit>

�1  Jij  1 8(i, j) 2 E
�2  hi  2 8i 2 N

<latexit sha1_base64="0lMBuu4sCnu+BNyTvW43mqOnKbY="></latexit>



Optimization on D-Wave



The Challenge

Source Problem

qblib_3867

min :
X

i,j2E
cijxixj +

X

i2N
cixi

s.t.

xi 2 {0, 1} 8i 2 N
E ✓ C12

QUBO

Target Problem
Ising

f(�) =
X

i,j2E
Jij�i�j +

X

i2N
hi�i

s.t.

�i 2 {�1, 1} 8i 2 N
E ✓ C12

<latexit sha1_base64="uSlFKz6XbYdY3a6PFGN5prBkAPo="></latexit>

�1  Jij  1 8(i, j) 2 E
�2  hi  2 8i 2 N

<latexit sha1_base64="0lMBuu4sCnu+BNyTvW43mqOnKbY="></latexit>



Core Challenges

• Ising Formulation 

• Graph Sparsity 

• Parameter Range

f(�) =
X

i,j2E
Jij�i�j +

X

i2N
hi�i

s.t.

�i 2 {�1, 1} 8i 2 N
E ✓ C12

<latexit sha1_base64="uSlFKz6XbYdY3a6PFGN5prBkAPo="></latexit>

�1  Jij  1 8(i, j) 2 E
�2  hi  2 8i 2 N

<latexit sha1_base64="0lMBuu4sCnu+BNyTvW43mqOnKbY="></latexit>



Ising Formulation

min :
X

i,j2E
cijxixj +

X

i2N
cixi

s.t.

xi 2 {0, 1} 8i 2 N
E ✓ C12

QUBO
xi =

�i + 1

2

Ising
min :

X

i,j2E
Jij�i�j +

X

i2N
hi�i + o

s.t.

�i 2 {�1, 1} 8i 2 N
E ✓ C12

<latexit sha1_base64="xDDWFAVG8CUmijhM5cdfpSTRCyY="></latexit>



Graph Sparsity

X1 S1

Source Graph Target Graph
only 6 
edges!

Idea: Lift to a higher dimensional space



Graph Sparsity

X1 S’1

Source Graph Target Graph

S1

chain
interactions

Warning: broken chains = infeasible solution
S1 == S’1



Parameter Range

Ising
min :

X

i,j2E
Jij�i�j +

X

i2N
hi�i + o

s.t.

�i 2 {�1, 1} 8i 2 N
E ✓ C12

<latexit sha1_base64="xDDWFAVG8CUmijhM5cdfpSTRCyY="></latexit>

Scaling Factor: s
<latexit sha1_base64="SWy65v7kiEGm+E0wdNFVpOM2agU=">AAACCXicbVDLSgMxFM3UV62vUZciBIvgQsqMCoqroiAuK9oHdIaSSdM2NI8hyYhl6MqlX+JS3Yhbv8GFf2PazkJbD1w4nHNvcu+JYka18bxvJzc3v7C4lF8urKyurW+4m1s1LROFSRVLJlUjQpowKkjVUMNII1YE8YiRetS/HPn1e6I0leLODGISctQVtEMxMlZqubsBj+RDeouRfaELrxA2Up3DIQwiDnXLLXolbww4S/yMFEGGSsv9CtoSJ5wIgxnSuul7sQlTpAzFjAwLQaJJjHAfdUnTUoE40WE6PmMI963Shh2pbAkDx+rviRRxrQc8Ooy4bebI9PS0PRL/85qJ6ZyFKRVxYojAk786CYNGwlEssE0VwYYNLEFYUbsuxD2kbBw2vILNwZ++epbUjkr+ccm7OSmWL7JE8mAH7IED4INTUAbXoAKqAINH8AxewZvz5Lw4787HpDXnZDPb4A+czx9EKple</latexit>

J 0
ij = sJij 8i, j 2 E
h0
i = shi 8i 2 N

o0 = so
<latexit sha1_base64="eqhaZUNOurwWnoj85K+Tlrtzn08="></latexit>

�1  Jij  1 8(i, j) 2 E
�2  hi  2 8i 2 N

<latexit sha1_base64="0lMBuu4sCnu+BNyTvW43mqOnKbY="></latexit>

Rescaled Ising
min :

X

i,j2E
J 0
ij�i�j +

X

i2N
h0
i�i + o0

s.t.

� 1  J 0
ij  1 8i, j 2 E

� 2  h0
i  2 8i 2 N

�i 2 {�1, 1} 8i 2 N
E ✓ C12



Resolve Broken 
Chains

Typical D-Wave Algorithm

QUBO Problem Ising Problem

Embedding / 
Chains

Rescale D-Wave

QUBO Solutions

100’s of 
assignments



Mathematics of Boltzmann Sampling



A Random Example

N = {1, 2, 3, 4, 5, 6, 7, 8}
<latexit sha1_base64="0EP05CuwGLU07aqLAElshH1MQoM=">AAACCnicbVDLSsNAFJ3UV62vqEtBBovgIpSkVtuNUHDjSirYBzShTKaTduhMEmYmQgndufRLXKobcesvuPBvnLZZaOuBC4dz7uXee/yYUals+9vIrayurW/kNwtb2zu7e+b+QUtGicCkiSMWiY6PJGE0JE1FFSOdWBDEfUba/uh66rcfiJA0Cu/VOCYeR4OQBhQjpaWeeZy6GDF4O4FX0E0dq2ydWxXrwrq0qlbNnfTMol2yZ4DLxMlIEWRo9Mwvtx/hhJNQYYak7Dp2rLwUCUUxI5OCm0gSIzxCA9LVNEScSC+d/TGBp1rpwyASukIFZ+rviRRxKcfc150cqaFc9Kai5fP/7G6igpqX0jBOFAnxfFeQMKgiOM0F9qkgWLGxJggLqs+FeIgEwkqnV9A5OItfL5NWueTYJeeuUqzXskTy4AicgDPggCqogxvQAE2AwSN4Bq/gzXgyXox342PemjOymUPwB8bnD2qhltE=</latexit><latexit sha1_base64="0EP05CuwGLU07aqLAElshH1MQoM=">AAACCnicbVDLSsNAFJ3UV62vqEtBBovgIpSkVtuNUHDjSirYBzShTKaTduhMEmYmQgndufRLXKobcesvuPBvnLZZaOuBC4dz7uXee/yYUals+9vIrayurW/kNwtb2zu7e+b+QUtGicCkiSMWiY6PJGE0JE1FFSOdWBDEfUba/uh66rcfiJA0Cu/VOCYeR4OQBhQjpaWeeZy6GDF4O4FX0E0dq2ydWxXrwrq0qlbNnfTMol2yZ4DLxMlIEWRo9Mwvtx/hhJNQYYak7Dp2rLwUCUUxI5OCm0gSIzxCA9LVNEScSC+d/TGBp1rpwyASukIFZ+rviRRxKcfc150cqaFc9Kai5fP/7G6igpqX0jBOFAnxfFeQMKgiOM0F9qkgWLGxJggLqs+FeIgEwkqnV9A5OItfL5NWueTYJeeuUqzXskTy4AicgDPggCqogxvQAE2AwSN4Bq/gzXgyXox342PemjOymUPwB8bnD2qhltE=</latexit><latexit sha1_base64="0EP05CuwGLU07aqLAElshH1MQoM=">AAACCnicbVDLSsNAFJ3UV62vqEtBBovgIpSkVtuNUHDjSirYBzShTKaTduhMEmYmQgndufRLXKobcesvuPBvnLZZaOuBC4dz7uXee/yYUals+9vIrayurW/kNwtb2zu7e+b+QUtGicCkiSMWiY6PJGE0JE1FFSOdWBDEfUba/uh66rcfiJA0Cu/VOCYeR4OQBhQjpaWeeZy6GDF4O4FX0E0dq2ydWxXrwrq0qlbNnfTMol2yZ4DLxMlIEWRo9Mwvtx/hhJNQYYak7Dp2rLwUCUUxI5OCm0gSIzxCA9LVNEScSC+d/TGBp1rpwyASukIFZ+rviRRxKcfc150cqaFc9Kai5fP/7G6igpqX0jBOFAnxfFeQMKgiOM0F9qkgWLGxJggLqs+FeIgEwkqnV9A5OItfL5NWueTYJeeuUqzXskTy4AicgDPggCqogxvQAE2AwSN4Bq/gzXgyXox342PemjOymUPwB8bnD2qhltE=</latexit><latexit sha1_base64="0EP05CuwGLU07aqLAElshH1MQoM=">AAACCnicbVDLSsNAFJ3UV62vqEtBBovgIpSkVtuNUHDjSirYBzShTKaTduhMEmYmQgndufRLXKobcesvuPBvnLZZaOuBC4dz7uXee/yYUals+9vIrayurW/kNwtb2zu7e+b+QUtGicCkiSMWiY6PJGE0JE1FFSOdWBDEfUba/uh66rcfiJA0Cu/VOCYeR4OQBhQjpaWeeZy6GDF4O4FX0E0dq2ydWxXrwrq0qlbNnfTMol2yZ4DLxMlIEWRo9Mwvtx/hhJNQYYak7Dp2rLwUCUUxI5OCm0gSIzxCA9LVNEScSC+d/TGBp1rpwyASukIFZ+rviRRxKcfc150cqaFc9Kai5fP/7G6igpqX0jBOFAnxfFeQMKgiOM0F9qkgWLGxJggLqs+FeIgEwkqnV9A5OItfL5NWueTYJeeuUqzXskTy4AicgDPggCqogxvQAE2AwSN4Bq/gzXgyXox342PemjOymUPwB8bnD2qhltE=</latexit>

f(�) =
X

i,j2E
Jij�i�j +

X

i2N
hi�i

s.t.

�i 2 {�1, 1} 8i 2 N
E ✓ C12

<latexit sha1_base64="uSlFKz6XbYdY3a6PFGN5prBkAPo="></latexit>

h1 = 0.1

h2 = �0.1

h3 = 0.1

h4 = 0.1

h5 = �0.1

h6 = �0.1

h7 = �0.1

h8 = 0.1
<latexit sha1_base64="nYVZovKOjAECTyLYcUJ89b5hGro=">AAACgHicbZFbS8MwGIbTeprzVPXSm+BQpuhs53RDEAbeeKngDrCOkWbpFpa0JUmFUfYv/Gte+Fe8Mt16sa1+EHh5vkOS9/MiRqWy7R/D3Njc2t4p7Bb39g8Oj6zjk7YMY4FJC4csFF0PScJoQFqKKka6kSCIe4x0vMlLmu98EiFpGHyoaUT6HI0C6lOMlEYD68v1OBwPHHj5DO2KA123uCDVlNyuoPtcUS1HHvJtj3lUz6PG0qiBVbIr9jxgXjiZKIEs3gbWtzsMccxJoDBDUvYcO1L9BAlFMSOzohtLEiE8QSPS0zJAnMh+MndvBi80GUI/FPoECs7pckeCuJRT7ulKjtRYrudSeOPx/9K9WPmNfkKDKFYkwIu7/JhBFcJ0G3BIBcGKTbVAWFD9XIjHSCCs9M5SH5z1X+dFu1pxtHHvtVKzkTlSAGfgHJSBA+qgCV7BG2gBDH4NaFwZ16Zpls0701mUmkbWcwpWwnz6A7gkrwY=</latexit><latexit sha1_base64="nYVZovKOjAECTyLYcUJ89b5hGro=">AAACgHicbZFbS8MwGIbTeprzVPXSm+BQpuhs53RDEAbeeKngDrCOkWbpFpa0JUmFUfYv/Gte+Fe8Mt16sa1+EHh5vkOS9/MiRqWy7R/D3Njc2t4p7Bb39g8Oj6zjk7YMY4FJC4csFF0PScJoQFqKKka6kSCIe4x0vMlLmu98EiFpGHyoaUT6HI0C6lOMlEYD68v1OBwPHHj5DO2KA123uCDVlNyuoPtcUS1HHvJtj3lUz6PG0qiBVbIr9jxgXjiZKIEs3gbWtzsMccxJoDBDUvYcO1L9BAlFMSOzohtLEiE8QSPS0zJAnMh+MndvBi80GUI/FPoECs7pckeCuJRT7ulKjtRYrudSeOPx/9K9WPmNfkKDKFYkwIu7/JhBFcJ0G3BIBcGKTbVAWFD9XIjHSCCs9M5SH5z1X+dFu1pxtHHvtVKzkTlSAGfgHJSBA+qgCV7BG2gBDH4NaFwZ16Zpls0701mUmkbWcwpWwnz6A7gkrwY=</latexit><latexit sha1_base64="nYVZovKOjAECTyLYcUJ89b5hGro=">AAACgHicbZFbS8MwGIbTeprzVPXSm+BQpuhs53RDEAbeeKngDrCOkWbpFpa0JUmFUfYv/Gte+Fe8Mt16sa1+EHh5vkOS9/MiRqWy7R/D3Njc2t4p7Bb39g8Oj6zjk7YMY4FJC4csFF0PScJoQFqKKka6kSCIe4x0vMlLmu98EiFpGHyoaUT6HI0C6lOMlEYD68v1OBwPHHj5DO2KA123uCDVlNyuoPtcUS1HHvJtj3lUz6PG0qiBVbIr9jxgXjiZKIEs3gbWtzsMccxJoDBDUvYcO1L9BAlFMSOzohtLEiE8QSPS0zJAnMh+MndvBi80GUI/FPoECs7pckeCuJRT7ulKjtRYrudSeOPx/9K9WPmNfkKDKFYkwIu7/JhBFcJ0G3BIBcGKTbVAWFD9XIjHSCCs9M5SH5z1X+dFu1pxtHHvtVKzkTlSAGfgHJSBA+qgCV7BG2gBDH4NaFwZ16Zpls0701mUmkbWcwpWwnz6A7gkrwY=</latexit><latexit sha1_base64="nYVZovKOjAECTyLYcUJ89b5hGro=">AAACgHicbZFbS8MwGIbTeprzVPXSm+BQpuhs53RDEAbeeKngDrCOkWbpFpa0JUmFUfYv/Gte+Fe8Mt16sa1+EHh5vkOS9/MiRqWy7R/D3Njc2t4p7Bb39g8Oj6zjk7YMY4FJC4csFF0PScJoQFqKKka6kSCIe4x0vMlLmu98EiFpGHyoaUT6HI0C6lOMlEYD68v1OBwPHHj5DO2KA123uCDVlNyuoPtcUS1HHvJtj3lUz6PG0qiBVbIr9jxgXjiZKIEs3gbWtzsMccxJoDBDUvYcO1L9BAlFMSOzohtLEiE8QSPS0zJAnMh+MndvBi80GUI/FPoECs7pckeCuJRT7ulKjtRYrudSeOPx/9K9WPmNfkKDKFYkwIu7/JhBFcJ0G3BIBcGKTbVAWFD9XIjHSCCs9M5SH5z1X+dFu1pxtHHvtVKzkTlSAGfgHJSBA+qgCV7BG2gBDH4NaFwZ16Zpls0701mUmkbWcwpWwnz6A7gkrwY=</latexit>

J15 = �0.1

J16 = 0.1

J17 = �0.1

J18 = �0.1

J25 = �0.1

J26 = 0.1

J27 = 0.1

J28 = 0.1
<latexit sha1_base64="Br3l7IrATwoX6V9gyr/PfdWFwJk="></latexit><latexit sha1_base64="Br3l7IrATwoX6V9gyr/PfdWFwJk="></latexit><latexit sha1_base64="Br3l7IrATwoX6V9gyr/PfdWFwJk="></latexit><latexit sha1_base64="Br3l7IrATwoX6V9gyr/PfdWFwJk="></latexit>

J35 = �0.1

J36 = 0.1

J37 = 0.1

J38 = �0.1

J45 = 0.1

J46 = �0.1

J47 = �0.1

J48 = �0.1
<latexit sha1_base64="eHr4GVr2HMdn7COSL6TmrqTXYwg="></latexit><latexit sha1_base64="eHr4GVr2HMdn7COSL6TmrqTXYwg="></latexit><latexit sha1_base64="eHr4GVr2HMdn7COSL6TmrqTXYwg="></latexit><latexit sha1_base64="eHr4GVr2HMdn7COSL6TmrqTXYwg="></latexit>



Low Energy Solutions

obj. �1 �2 �3 �4 �5 �6 �7 �8

-1.2 -1 1 1 -1 1 -1 -1 -1
-1.2 -1 1 -1 -1 1 1 -1 -1
-1.2 -1 -1 -1 1 -1 1 1 -1

-1.0 1 1 1 -1 1 -1 -1 -1
-1.0 -1 1 -1 -1 -1 1 -1 -1
-1.0 -1 1 -1 1 -1 1 1 -1
-1.0 -1 -1 -1 1 -1 1 1 1
-1.0 -1 1 1 -1 1 1 -1 -1
-1.0 1 1 -1 -1 1 -1 1 -1
-1.0 -1 1 -1 -1 1 -1 -1 -1
-1.0 -1 1 -1 -1 1 1 1 -1
-1.0 -1 -1 -1 -1 -1 1 1 -1

<latexit sha1_base64="ZmHsARM03b3P9NyMqGthqzSPuNo="></latexit>

Optimal

…



Boltzmann Sampling Comparison

−1.2 −1 −1 −1 −1 −1 −0.8 −0.8 −0.8 −0.8

Empirical Distribution

Energy
Pr
ob
ab
ilit
y

0.
00

0.
10

0.
20

Low Temp. 
Boltzmann Sampling

⌧ ⇡ 0.1
<latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit><latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit><latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit><latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit>

High Temp. 
Boltzmann Sampling

⌧ ⇡ 1.0
<latexit sha1_base64="+DgXo4Yl+rLJO2AR64xjRkOZyRM=">AAACAHicbVDLSgMxFM34rPU1PnZugkVwIcOMCrosunFZwT6gM5RMmmlDk0xIMmIduvFLXKobcet/uPBvTNtZaOuBC4dz7uXee2LJqDa+/+0sLC4tr6yW1srrG5tb2+7ObkOnmcKkjlOWqlaMNGFUkLqhhpGWVATxmJFmPLge+817ojRNxZ0ZShJx1BM0oRgZK3Xc/TDmMDQogyGSUqUPMPD8jlvxPX8COE+CglRAgVrH/Qq7Kc44EQYzpHU78KWJcqQMxYyMymGmiUR4gHqkbalAnOgon1w/gkdW6cIkVbaEgRP190SOuNZDHttOjkxfz3pj8STm/9ntzCSXUU6FzAwReLoryRg0KRynAbtUEWzY0BKEFbXnQtxHCmFjMyvbHILZr+dJ49QLzjz/9rxSvSoSKYEDcAiOQQAuQBXcgBqoAwwewTN4BW/Ok/PivDsf09YFp5jZA3/gfP4A1c2VOA==</latexit>
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<latexit sha1_base64="v3o7RbaZKESNkIK1qSnXPMGHUNQ="></latexit>

Zero Temp. 
Boltzmann Sampling

⌧ ⇡ 0
<latexit sha1_base64="rfLfP5ixgkImKHCr5elCgqmVDp4=">AAAB/nicbVDLSgNBEJz1GeNrjUcvg0HwIGFXBT0GvXiMYB6QXcLsZDYZMi9mZiUhBPwSj+pFvPojHvwbJ8keNLGgoajqprsrUYwaGwTf3srq2vrGZmGruL2zu7fvH5QaRmYakzqWTOpWggxhVJC6pZaRltIE8YSRZjK4nfrNR6INleLBjhSJOeoJmlKMrJM6filKOIwsymCElNJyCIOOXw4qwQxwmYQ5KYMctY7/FXUlzjgRFjNkTDsMlI3HSFuKGZkUo8wQhfAA9UjbUYE4MfF4dvsEnjilC1OpXQkLZ+rviTHixox44jo5sn2z6E3Fs4T/Z7czm17HYypUZonA811pxqCVcJoF7FJNsGUjRxDW1J0LcR9phK1LrOhyCBe/XiaN80p4UQnuL8vVmzyRAjgCx+AUhOAKVMEdqIE6wGAInsErePOevBfv3fuYt654+cwh+APv8wftdZTF</latexit>
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The Problem for Optimization
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<latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit><latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit><latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit><latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit>

High Temp. 
Boltzmann Sampling

⌧ ⇡ 1.0
<latexit sha1_base64="+DgXo4Yl+rLJO2AR64xjRkOZyRM=">AAACAHicbVDLSgMxFM34rPU1PnZugkVwIcOMCrosunFZwT6gM5RMmmlDk0xIMmIduvFLXKobcet/uPBvTNtZaOuBC4dz7uXee2LJqDa+/+0sLC4tr6yW1srrG5tb2+7ObkOnmcKkjlOWqlaMNGFUkLqhhpGWVATxmJFmPLge+817ojRNxZ0ZShJx1BM0oRgZK3Xc/TDmMDQogyGSUqUPMPD8jlvxPX8COE+CglRAgVrH/Qq7Kc44EQYzpHU78KWJcqQMxYyMymGmiUR4gHqkbalAnOgon1w/gkdW6cIkVbaEgRP190SOuNZDHttOjkxfz3pj8STm/9ntzCSXUU6FzAwReLoryRg0KRynAbtUEWzY0BKEFbXnQtxHCmFjMyvbHILZr+dJ49QLzjz/9rxSvSoSKYEDcAiOQQAuQBXcgBqoAwwewTN4BW/Ok/PivDsf09YFp5jZA3/gfP4A1c2VOA==</latexit>
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<latexit sha1_base64="hm8qJNvsWZKfVKiz0aVC1rGNb8Y="></latexit>

• Benchmarking Challenges 

• All states have non-zero 
probability 

• Will always see OPT,           
with sufficient samples…



The Problem for Optimization

Solution Energy
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https://upload.wikimedia.org/wikipedia/commons/thumb/1/19/Maxwell-Boltzmann_distribution_pdf.svg/1049px-Maxwell-Boltzmann_distribution_pdf
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https://upload.wikimedia.org/wikipedia/commons/thumb/1/19/Maxwell-Boltzmann_distribution_pdf.svg/1049px-Maxwell-Boltzmann_distribution_pdf


Goals for Optimization

• Worst case scenario 
• Boltzmann Sampler devolves into 

an i.i.d. sampler from all states 

• Mitigations? 
• lower temperature (i.e. tau) 
• increase coefficients (i.e. J,h)
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<latexit sha1_base64="LLHi/p3E42/wgo3Gi3jaRQJWGpQ="></latexit>



D-Wave Constraints

• Tau is fixed to 0.1 

• Make J/h as large as possible 
• But limited! 

• By default D-Wave “auto scales” 
• Scales J/h to largest possible values 

• Max samples per job 10,000 
• My goal, see OPT w.h.p. in 10,000 samples
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<latexit sha1_base64="fr7KOGUoit5oqKcIPJNIb/dpB5I="></latexit>

�1  Jij  1 8(i, j) 2 E
�2  hi  2 8i 2 N

<latexit sha1_base64="0lMBuu4sCnu+BNyTvW43mqOnKbY="></latexit>



Mathematics of Chains



What are Chains?

X1 S’1

Source Graph Target Graph

S1

chain
interactions S1 == S’1



A Mathematical Perspective

Logical Problem
min :

X

i,j2E
Jij�i�j +

X

i2N
hi�i

s.t.

�i 2 {�1, 1} 8i 2 N
<latexit sha1_base64="SEWGDJDPJx6TxSuplo0zAfAPvZ8="></latexit>

?
min :

X

i,j2L
(�i � �j)

2

min :
X

i,j2L
�2
i � 2�i�j + �2

i

min :
X
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1� 2�i�j + 1

min :
X

i,j2L
�2�i�j + 2

min :
X

i,j2L
��i�j + 1

<latexit sha1_base64="K2WgSkuoyIIvDRHpL5GdS9XNeNU="></latexit>

Lagrangian 
Relaxation

Lifted Problem
min :

X

i,j2Ê

Jij�i�j +
X

i2N̂

hi�i

s.t.

�i = �j 8i, j 2 L
�i 2 {�1, 1} 8i 2 N̂
Ê ✓ C12

<latexit sha1_base64="+Jy6gbDWOJMPOB+LXorGocVPygM="></latexit>

�i = �j 8i, j 2 L
�i � �j = 0 8i, j 2 L

(�i � �j)
2 = 0 8i, j 2 L

<latexit sha1_base64="MuDDvStPpeuat2/LofiVSRP2T0o="></latexit>

min :
X

i,j2L
��ij�i�j

<latexit sha1_base64="fBkBUHSWrTuDI+5/Or9iyhgsID4="></latexit>

�i = �j 8i, j 2 L
<latexit sha1_base64="H8/Jte8LSbq4NLqReXQy/Od41Qc=">AAACG3icbZDNSgMxFIUz9a/Wv6pLN8GiuCh1RgXdCKIbFy4UbC10huFOmrapSWZIMkIZ6lu49Elcqhtx24VvY1oraPVA4OPce8m9J0o408Z1P5zc1PTM7Fx+vrCwuLS8Ulxdq+k4VYRWScxjVY9AU84krRpmOK0nioKIOL2Jbs+G9Zs7qjSL5bXpJTQQ0JasxQgYa4XF3W3sa9YWEDJ8/I1dfO+3YgWcY1buYp9JnPkEOL7oh8WSW3FHwn/BG0MJjXUZFgd+MyapoNIQDlo3PDcxQQbKMMJpv+CnmiZAbqFNGxYlCKqDbHRYH29Zp4ntKvZJg0fuz4kMhNY9EZUjYZsFmI6eLA/N/2qN1LSOgozJJDVUkq+/WinHJsbDoHCTKUoM71kAophdF5MOKCDGxlmwOXiTV/+F2l7F26+4Vwelk9NxInm0gTbRDvLQITpB5+gSVRFBD+gJvaBX59F5dt6c96/WnDOeWUe/5Aw+AVxSn7o=</latexit>



Mathematical Properties

• Lambda >= 0 

• If lambda is sufficiently large, 
optimal solutions will match 

• Finding the smallest possible 
setting of lambda can be NP-Hard 
• Weak bounds, heuristics and 

iterative algorithms usually work 
well in practice
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min :
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s.t.

�i 2 {�1, 1} 8i 2 N̂
Ê [ L ✓ C12

<latexit sha1_base64="MVbWoM4qiJVeby7ysXex17+BBvo="></latexit>

Logical Problem
min :

X

i,j2E
Jij�i�j +

X

i2N
hi�i

s.t.

�i 2 {�1, 1} 8i 2 N
<latexit sha1_base64="SEWGDJDPJx6TxSuplo0zAfAPvZ8="></latexit>

�ij �
X

k,l2E
|Jkl|+

X

k2N
|hk| 8i, j 2 L

<latexit sha1_base64="6p08qGgt2aKbVRMpxMRpzWnEpQU="></latexit>



An Illustrative Example

min : 10�1 � 20�2

s.t.

�1 = �2

�i 2 {�1, 1} 8i 2 {1, 2}
<latexit sha1_base64="8K0Y9Tbnv9Uqa8yYR/hrz05VciM="></latexit>

Logical Problem

Objective �1 �2

10 -1 -1

inf. 1 -1

inf. -1 1

-10 1 1
<latexit sha1_base64="07yUkSskPMwxNDKG7jiOZvmJB4U="></latexit>

min : 10�1 � 20�2 � �12�1�2

s.t.

�i 2 {�1, 1} 8i 2 {1, 2}
<latexit sha1_base64="4ik6g+kSjsvtvKy9EhV71+TGDkI="></latexit>

Unconstrained Problem

�12?
<latexit sha1_base64="Kj25wY6MK8+TWVTs7bRKXevNdh8=">AAAB/nicbVDLSgMxFM34rPU11qWbYFFcSJmpgu4sunFZwT6gMwyZTKYNTTJDkhHLUPBLXKobceuPuPBvTNtZaOuBwOGce7g3J0wZVdpxvq2l5ZXVtfXSRnlza3tn196rtFWSSUxaOGGJ7IZIEUYFaWmqGemmkiAeMtIJhzcTv/NApKKJuNejlPgc9QWNKUbaSIFdOfZCDj1mEhEKcrc+vgrsqlNzpoCLxC1IFRRoBvaXFyU440RozJBSPddJtZ8jqSlmZFz2MkVShIeoT3qGCsSJ8vPp7WN4ZJQIxok0T2g4VX8ncsSVGvHwNORmmCM9UPP2RPzP62U6vvRzKtJME4Fnu+KMQZ3ASRcwopJgzUaGICypORfiAZIIa9NY2fTgzv96kbTrNfes5tydVxvXRSMlcAAOwQlwwQVogFvQBC2AwSN4Bq/gzXqyXqx362M2umQVmX3wB9bnD5vzlJU=</latexit>



An Illustrative Example

min : 10�1 � 20�2 � �12�1�2

s.t.

�i 2 {�1, 1} 8i 2 {1, 2}
<latexit sha1_base64="4ik6g+kSjsvtvKy9EhV71+TGDkI="></latexit>

�ij �
X

k,l2E
|Jkl|+

X

k2N
|hk| 8i, j 2 L

<latexit sha1_base64="6p08qGgt2aKbVRMpxMRpzWnEpQU="></latexit>

�12 � 30
<latexit sha1_base64="C8gld0LCIqqoTOUcmUJGVrGz22g=">AAACBnicbVDLSsNAFJ3UV62vqDvdDBbFhZSkFXRZdOOygn1AE8JkMmmHziRxZiKUUHDpl7hUN+LWn3Dh3zhps9DWAwOHc+7hzj1+wqhUlvVtlJaWV1bXyuuVjc2t7R1zd68j41Rg0sYxi0XPR5IwGpG2ooqRXiII4j4jXX90nfvdByIkjaM7NU6Iy9EgoiHFSGnJMw9OHJ9Dh+lEgLzMrk+gMyD3sGFVPLNq1awp4CKxC1IFBVqe+eUEMU45iRRmSMq+bSXKzZBQFDMyqTipJAnCIzQgfU0jxIl0s+kNE3islQCGsdAvUnCq/k5kiEs55v6Zz/UwR2oo5+1c/M/rpyq8dDMaJakiEZ7tClMGVQzzTmBABcGKjTVBWFD9XYiHSCCsdHN5D/b81YukU6/ZjZp1e15tXhWNlMEhOAKnwAYXoAluQAu0AQaP4Bm8gjfjyXgx3o2P2WjJKDL74A+Mzx8YSJbs</latexit>

�12 � 10 + ✏
<latexit sha1_base64="gBPH82odIBBfDO/RMjhSjANb5vo=">AAACFXicbVDLSgMxFM3UV62vqks3waIoSpmpgi6LblxWsA/olJJJb9vQJDMmGaEM/QaXfolLdSNuXbnwb0ynXWjrgcDhnHu4uSeIONPGdb+dzMLi0vJKdjW3tr6xuZXf3qnpMFYUqjTkoWoERANnEqqGGQ6NSAERAYd6MLge+/UHUJqF8s4MI2gJ0pOsyygxVmrnjw/9QGCf20SHtBOvNMJ+D+6x5+ITnFoQacZDmWvnC27RTYHniTclBTRFpZ3/8jshjQVIQznRuum5kWklRBlGOYxyfqwhInRAetC0VBIBupWkJ43wgVU6uBsq+6TBqfo7kRCh9VAEp4Gww4KYvp61x+J/XjM23ctWwmQUG5B0sqsbc2xCPK4Id5gCavjQEkIVs9/FtE8UocYWOe7Bm716ntRKRe+s6N6eF8pX00ayaA/toyPkoQtURjeogqqIokf0jF7Rm/PkvDjvzsdkNONMM7voD5zPH5awnIw=</latexit>

�12 Objective �⇤
1 �⇤

2

0 -30 -1 1

1 -29 -1 1

5 -25 -1 1

11 -21 1 1

30 -40 1 1
<latexit sha1_base64="IqaOW6GEwjsrHBvL9V8rR+PYKlc="></latexit>

Mathematical Correctness 
Requires

Smallest Lambda?



D-Wave Constraints

• J/h range is limited 

• Want smallest possible Lambda 
• To avoid rescaling

�1  Jij  1 8(i, j) 2 E
�2  hi  2 8i 2 N

<latexit sha1_base64="0lMBuu4sCnu+BNyTvW43mqOnKbY="></latexit>



Two Problematic Examples



The Indecisive Ising Model 
(Chaining)



Indecisive Ising Model

• -1/1 variable space 

• Left leaves want to take 1 value 

• Right leaves want to take -1 value 

• The hub wants to match the side values 

• Does not matter what value hub takes 
• two symmetric optimal solutions

S0

S2

S3

S4

-1.1

-1.1

0.0

Edges: -1.0

S5

S1

S7

S8

S9

S10

S6

-1.1

-1.1

-1.1

1.1

1.1

1.1

1.1

1.1



Indecisive Ising Model

• D-Wave implementation requires a chain!

Logical Model Embeddable Model

S0

S2

S3

S4

-1.1

-1.1

0.0

Edges: -1.0

S5

S1

S7

S8

S9

S10

S6

-1.1

-1.1

-1.1

1.1

1.1

1.1

1.1

1.1

S2

S3

S4

-1.1

-1.1

Edges: -1.0

S5

S1

S7

S8

S9

S10

S6

-1.1

-1.1

-1.1

1.1

1.1

1.1

1.1

1.1

S’0S0

Chain: ???

0.0 0.0

� � 5 + ✏
<latexit sha1_base64="xcN1fH2koRzD+QwT72yaCWo0Nfs=">AAACDnicbVDLSgMxFM3UV62vqks3oUURlDLjA10W3bisYB/QGUomvW1Dk5kxyQhl6N6lX+JS3Yhbf8CFf2Nm2oW2HggczjmXm3v8iDOlbfvbyi0sLi2v5FcLa+sbm1vF7Z2GCmNJoU5DHsqWTxRwFkBdM82hFUkgwufQ9IfXqd98AKlYGNzpUQSeIP2A9Rgl2kidYunA9QV2uZnoEuz24R6f4yOciRApxtNQ2a7YGfA8caakjKaodYpfbjeksYBAU06Uajt2pL2ESM0oh3HBjRVEhA5JH9qGBkSA8pLsljHeN0oX90JpXqBxpv6eSIhQaiT8Y1+YsCB6oGbtVPzPa8e6d+klLIhiDQGd7OrFHOsQp93gLpNANR8ZQqhk5ruYDogkVJsGC6YHZ/bqedI4qTinFfv2rFy9mjaSR3uohA6Rgy5QFd2gGqojih7RM3pFb9aT9WK9Wx+TaM6azuyiP7A+fwBFq5pW</latexit>



Indecisive Ising Model

• D-Wave implementation requires rescaling!

Embeddable Model

S2

S3

S4

-1.1

-1.1

Edges: -1.0

S5

S1

S7

S8

S9

S10

S6

-1.1

-1.1

-1.1

1.1

1.1

1.1

1.1

1.1

S’0S0

Chain: 5.05

0.0 0.0

S2

S3

S4

-0.22

-0.22

Edges: -0.21

S5

S1

S7

S8

S9

S10

S6

-0.22

-0.22

-0.22

0.22

0.22

0.22

0.22

0.22

S’0S0

Chain: 1.00

0.0 0.0

Rescaled Model
�1  Jij  1 8(i, j) 2 E
�2  hi  2 8i 2 N

<latexit sha1_base64="0lMBuu4sCnu+BNyTvW43mqOnKbY="></latexit>



Indecisive Ising Model

−1.2 −1 −1 −1 −1 −1 −0.8 −0.8 −0.8 −0.8

Empirical Distribution

Energy

Pr
ob
ab
ilit
y

0.
00

0.
10

0.
20

Idealized Boltzmann Sampler
⌧ ⇡ 0.1

<latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit><latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit><latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit><latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit>

First 3 energy levels

Ising Ising Rescaled D-Wave



Indecisive Ising Model

Ising Ising Rescaled

Idealized Boltzmann Sampler
⌧ ⇡ 0.1

<latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit><latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit><latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit><latexit sha1_base64="iHKQfPu48mG7fRy5svuwlVi3D14=">AAACAHicbZDLSgMxFIYz9Vbrbbzs3ASL4ELKjAi6LLpxWcFeoDOUTJppQ3MjyYh16MYncaluxK3v4cK3Mb0stPWHwMd/zuGc/Ili1Ngg+PYKS8srq2vF9dLG5tb2jr+71zAy05jUsWRStxJkCKOC1C21jLSUJognjDSTwfW43rwn2lAp7uxQkZijnqApxcg6q+MfRAmHkUUZjJBSWj7AoBJ2/HJQCSaCixDOoAxmqnX8r6grccaJsJghY9phoGycI20pZmRUijJDFMID1CNthwJxYuJ8cv0IHjunC1Op3RMWTtzfEznixgx54jo5sn0zXxubpwn/r9zObHoZ51SozBKBp7vSjEEr4TgN2KWaYMuGDhDW1J0LcR9phK3LrORyCOd/vQiNs0ro+Pa8XL2aJVIEh+AInIAQXIAquAE1UAcYPIJn8ArevCfvxXv3PqatBW82sw/+yPv8AdUjlTY=</latexit>

D-Wave
Probability f(�) feas.

0.2415 -16.05 X
0.2415 -16.05 X
0.0888 -15.95 x
0.0327 -15.85 X

<latexit sha1_base64="5mqY4YI3j+AIvey4d5CtxiasEbM="></latexit>

Probability f(�) feas.

0.0369 -3.178 X
0.0369 -3.178 X
0.0303 -3.158 x
0.0248 -3.139 X

<latexit sha1_base64="Mf+g0DlEO1FKB8n6ijRxwd4ERUo="></latexit>

Probability f(�) feas.

0.0288 -3.178 X
0.0270 -3.178 X
0.0157 -3.158 x
0.0225 -3.139 X
. . . . . . . . .

0.0196 -3.139 X
<latexit sha1_base64="lugszq20kT86dSsjwh8aXkarkj0="></latexit>



So What?

• A 0.05 to 0.07 probability of seeing OPT seems pretty good… 
• only need about 100 samples to see OPT w.h.p. (below 10,000 goal) 

• The problem is very small (i.e. n=12) 
• targeting problems with 100-1000’s 

• As connectivity grows, so will this problem 
• Lets consider doubling the connectivity (i.e. 20 edges)



Indecisive Ising Model

2000Q
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S10

S6

-1.1

-1.1

-1.1

1.1

1.1

1.1

1.1

1.1

S’0S0

Chain: ???

0.0 0.0

� � 5 + ✏
<latexit sha1_base64="xcN1fH2koRzD+QwT72yaCWo0Nfs=">AAACDnicbVDLSgMxFM3UV62vqks3oUURlDLjA10W3bisYB/QGUomvW1Dk5kxyQhl6N6lX+JS3Yhbf8CFf2Nm2oW2HggczjmXm3v8iDOlbfvbyi0sLi2v5FcLa+sbm1vF7Z2GCmNJoU5DHsqWTxRwFkBdM82hFUkgwufQ9IfXqd98AKlYGNzpUQSeIP2A9Rgl2kidYunA9QV2uZnoEuz24R6f4yOciRApxtNQ2a7YGfA8caakjKaodYpfbjeksYBAU06Uajt2pL2ESM0oh3HBjRVEhA5JH9qGBkSA8pLsljHeN0oX90JpXqBxpv6eSIhQaiT8Y1+YsCB6oGbtVPzPa8e6d+klLIhiDQGd7OrFHOsQp93gLpNANR8ZQqhk5ruYDogkVJsGC6YHZ/bqedI4qTinFfv2rFy9mjaSR3uohA6Rgy5QFd2gGqojih7RM3pFb9aT9WK9Wx+TaM6azuyiP7A+fwBFq5pW</latexit>

Possible Future

-1.1

-1.1

Edges: -1.0

S10

S1

S20

S11 1.1

1.1

S’0S0

Chain: ???

0.0 0.0

… …

� � 10 + ✏
<latexit sha1_base64="+KIwDkDmRwvoau2PqFXy0KWr/hw=">AAACD3icbVDLSsNAFJ3UV62vqks3g0URlJKooMuiG5cV7AOaUCaTm3boTBJnJkIJ/QCXfolLdSNu/QAX/o3TtAttPTBwOOdc7tzjJ5wpbdvfVmFhcWl5pbhaWlvf2Nwqb+80VZxKCg0a81i2faKAswgammkO7UQCET6Hlj+4HvutB5CKxdGdHibgCdKLWMgo0UbqliuHri+wy81EQLDbg3vs2PgY5yokivE8ZVftHHieOFNSQVPUu+UvN4hpKiDSlBOlOo6daC8jUjPKYVRyUwUJoQPSg46hERGgvCw/ZoQPjBLgMJbmRRrn6u+JjAilhsI/8YUJC6L7atYei/95nVSHl17GoiTVENHJrjDlWMd4XA4OmASq+dAQQiUz38W0TySh2lRYMj04s1fPk+Zp1Tmr2rfnldrVtJEi2kP76Ag56ALV0A2qowai6BE9o1f0Zj1ZL9a79TGJFqzpzC76A+vzB7bzmow=</latexit>



Indecisive Ising Model

Ising

Idealized Boltzmann Sampler
⌧ ⇡ 0.1
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Ising Rescaled
Probability f(�) feas.

0.0011 -3.189 X
0.0011 -3.189 X
0.0010 -3.179 x
0.0009 -3.169 X
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The Consensus QUBO Model 
(Rescaling)



Consensus QUBO Model

• 0/1 variable space 

• Leaves want to take 0 value 

• Hub can take any value 

• Edges want all nodes to be 1 

• Edges win in OPT, just barely
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Consensus QUBO in Ising Space
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• D-Wave implementation requires an Ising model!



Consensus QUBO in Ising Space
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• D-Wave implementation requires rescaling!



Consensus QUBO in Ising Space
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First 2 energy levels

Ising Ising Rescaled D-Wave



Consensus QUBO in Ising Space

Ising Ising Rescaled

Idealized Boltzmann Sampler
⌧ ⇡ 0.1
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Probability f(�)
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<latexit sha1_base64="reiQls8zYgCGRsn1kru4RWswWkE="></latexit>

D-Wave
Probability f(�)

0.083 -2.100
0.042 -2.067
0.041 -2.067
0.041 -2.067
0.040 -2.067
0.039 -2.067
0.038 -2.067

<latexit sha1_base64="mwjVftExKT9sHbNenDF5LC8YO3E="></latexit>



So What?

• A 0.04 to 0.08 probability of seeing OPT seems pretty good… 
• only need about 100 samples to see OPT w.h.p. (below 10,000 goal) 

• The problem is very small (i.e. 7), targeting problems with 100-1000’s 

• We want high connectivity graphs 
• To avoid chains 

• As connectivity grows, so will this problem 
• Lets consider doubling the connectivity (i.e. 12 edges)
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12 Edge Hub and Spoke QUBO

Ising Ising Rescaled

Idealized Boltzmann Sampler
⌧ ⇡ 0.1
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Back to the Original Question



What’s Going On?

Table 1: Quality and Runtime Results on Max Clique Cases.

gurobi dwave

Case |N | |E| Best Sol. Opt. Gap Time Best Sol. Best Inf. Samples Time

C015 9 15 12 -11 0% <1 -11 9073 1 10000 0+3

C020 9 20 17 -14 0% <1 -14 8370 85 10000 0+3

C030 9 30 44 -16 0% <1 -16 5651 123 10000 0+3

C040 9 40 77 -18 0% <1 -18 3865 316 10000 0+4

C050 9 50 108 -24 0% <1 -24 16 1254 10000 0+4

C060 9 60 158 -25 0% <1 -25 22 5465 10000 0+5

C070 9 70 215 -27 0% <1 -26 1 9855 10000 4+5

C080 9 80 306 -29 0% <1 F.E. - - - T.L.

C090 9 90 407 -29 0% 1.0 F.E. - - - T.L.

C100 9 100 508 -30 0% 2.0 F.E. - - - T.L.

C110 9 110 615 -32 0% 5.1 F.E. - - - T.L.

C120 9 120 729 -32 0% 45 F.E. - - - T.L.

C125 9 125 787 -34 0% 55 F.E. - - - T.L.

C250 9 250 3141 -43 40% T.L. F.E.
⇤

- - - T.L.

T.L. - reached a time limit of 3600 seconds, F.E. - failed to embed in 3600

seconds, F.E.
⇤
- proved problem cannot be embedded on C12

F.E.  
Failed  
Embed

T.L.  
Time  
Limit 

(1 hour)

P (�) / e

0

BBBB@

X

i,j2E
Jij�i�j +

X

i2N
hi�i

1

CCCCA

0.1

�i 2 {�1, 1}
<latexit sha1_base64="fr7KOGUoit5oqKcIPJNIb/dpB5I="></latexit>



What’s Going On?

• For a consistent energy gap, the effective temperature should decrease 
as the problem size increases

Temperature scaling law for quantum annealing optimizers

Tameem Albash,1, 2 Victor Martin-Mayor,3, 4 and Itay Hen1, 2

1Information Sciences Institute, University of Southern California, Marina del Rey, California 90292, USA
2Department of Physics and Astronomy and Center for Quantum Information Science & Technology,
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Physical implementations of quantum annealing unavoidably operate at finite temperatures. We
point to a fundamental limitation of fixed finite temperature quantum annealers that prevents them
from functioning as competitive scalable optimizers and show that to serve as optimizers annealer
temperatures must be appropriately scaled down with problem size. We derive a temperature scaling
law dictating that temperature must drop at the very least in a logarithmic manner but also possibly
as a power law with problem size. We corroborate our results by experiment and simulations and
discuss the implications of these to practical annealers.

Introduction.— Quantum computing devices are be-
coming su�ciently large to undertake computational
tasks that are infeasible using classical computing [1–
7]. The theoretical underpinning for whether such tasks
exist with physically realizable quantum annealers re-
mains lacking, despite the excitement brought on by re-
cent technological breakthroughs that have made pro-
grammable quantum annealing (QA) [8–12] optimizers
consisting of thousands of quantum bits commercially
available. Thus far, no examples of practical relevance
have been found to indicate a superiority of QA opti-
mization, i.e., to find bit assignments that minimize the
energy, or cost, of discrete combinatorial optimization
problems, faster than possible classically [13–20]. Ma-
jor ongoing e↵orts continue to build larger, more densely
connected QA devices, in the hope that the capability
to embed larger optimization problems would eventually
reveal the coveted quantum speedup [21–25].

Understanding the robustness of QA optimization to
errors that reduce the final ground state probability is
critical. In this work, we consider perhaps the most op-
timistic setting where the only source of error is due to
nonzero temperature. We analyze the theoretical scaling
performance of ideal fixed-temperature quantum anneal-
ers for optimization. We show that even in the case where
annealers are assumed to thermalize instantly (rather
than only in the infinite runtime limit), the energies, or
costs, of their output configurations would be computa-
tionally trivial to achieve (in a sense that we explain).
We further derive a scaling law for QA optimizers and
provide corroboration of our analytical findings by ex-
perimental results obtained from the commercial D-Wave
2X QA processor [26–30] as well as numerical simulations
(our results equally apply to ideal thermal annealing de-
vices). We discuss the implications of our results for both
past benchmarking studies and for the engineering re-
quirements of future QA devices.

Fixed-temperature quantum annealers.— In the
adiabatic limit, closed-system quantum annealers are
guaranteed to find a ground state of the target cost func-

tion, or final Hamiltonian H, they are to solve. The adi-
abatic theorem of quantum mechanics ensures that the
overlap of the final state of the system with the ground
state manifold of H, approaches unity as the duration
of the process increases [31, 32]. For physical quantum
annealers that operate at positive temperatures (T > 0),
there is no equivalent guarantee of reaching the ground
state with high probability. For long runtimes, an ideal
finite-temperature quantum annealer is expected to sam-
ple the Boltzmann distribution of the final Hamiltonian
at the annealer temperature [33].
In what follows, we argue that even instantly-

thermalizing quantum annealers [34] are severely limited
as optimizers due to their finite temperature. For con-
creteness, we restrict to annealers for which i) the num-
ber of couplers scales linearly with the number of qubits
N [35], ii) the coupling strengths are discretized and are
bounded independently of problem size, and iii) the scal-
ing of the free energy with problem size is not patholog-
ical, i.e., that our system is not tuned to a critical point.
Other than the above standard assumptions, our treat-
ment is general (we discuss the performance of quantum
annealers when some of these conditions are lifted later
on). For clarity, we consider optimization problems writ-
ten in terms of a Hamiltonian of the Ising-type

H =
X

hiji

Jijsisj +
X

i

hisi , (1)

where {si = ±1} are binary Ising spin variables that are
to be optimized over, {Jij , hi} are the coupling strengths
between connected spins and external biases, respec-
tively, and hiji denotes the underlying connectivity graph
of the model. The discussion that follows however is not
restricted to any particular model.
Under the above assumptions, the ground state ener-

gies, denoted E0, of any given problem class, scale lin-
early with increasing problem size (i.e., the energy is an
extensive property as is generically expected from physi-
cal systems) while the classical minimal gap � = E1�E0

ar
X

iv
:1

70
3.

03
87

1v
2 

 [q
ua

nt
-p

h]
  1

5 
Se

p 
20

17



Is it time to give up?

NO!



Don’t Get Me Wrong

• Big D-Wave Advocate 
• Every experiment I have run on well suited inputs has had very good results 
• See https://arxiv.org/abs/1707.00355 

• My hunch, it is possible to show notable performance gains NOW! 
• Just need to be carful on problem selection (most likely very contrived) 
• And have a clever D-Wave encoding 

• It will be easy to show supremacy on next generation 
• But still have to mitigate the issues presented here 

• Guidelines and Suggestions

https://arxiv.org/abs/1707.00355


Some Mitigations

• Avoid problems requiring chains 
• i.e. subgraph of chimera graph 

• Avoid working in QUBO space 
• Or check that the coefficient ranges in re-scaled Ising space are reasonable 

• Avoid needing multiple coefficient levels 
• It would be ideal if the problem only requires -1,0,1 / -2,-1,0,1,2 

• Max-Cut is an interesting problem 
• Meets above criteria 
• APX-Hard (i.e. no PTAS)



Some Mitigations

• What if “your favorite problem” does not have that structure?  
• Classical post-processing (VFYC) 
• Design a hybrid algorithm that extracts sub-tasks with the proposed structure 

• Extended J range / Annealing Offsets 
• DW_2000Q_LANL Extended J range -4.0 to 1.0 
• Possibly mitigates rescaling 

• Much more clever problem encodings 
• Lift to much higher dimensions



Indecisive Ising Model

S2

S3

S4

-1.1

-1.1

Edges: -1.0

S5

S1

S7

S8

S9

S10

S6

-1.1

-1.1

-1.1

1.1

1.1

1.1

1.1

1.1

S’0S0

Chain: 5.05

0.0 0.0



Indecisive Ising Model Revisited

• An alternative mathematically correct encoding

S2

S3

S4

-1.1

-1.1

Edges: -1.0

S5

S1

S7

S8

S9

S10

S6

-1.1

-1.1

-1.1

1.1

1.1

1.1

1.1

1.1

S0S0

Chains: -1.0
0.0 0.0

S0 S0

S0 S0

0.0 0.0

0.0 0.0

No Rescaling Required!!!



Indecisive Ising Model Revisited

Ising Ising Rescaled
Original Implementation

⌧ ⇡ 0.1
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Probability f(�) feas.

0.2415 -16.05 X
0.2415 -16.05 X
0.0888 -15.95 x
0.0327 -15.85 X

<latexit sha1_base64="5mqY4YI3j+AIvey4d5CtxiasEbM="></latexit>

Probability f(�) feas.

0.0369 -3.178 X
0.0369 -3.178 X
0.0303 -3.158 x
0.0248 -3.139 X

<latexit sha1_base64="Mf+g0DlEO1FKB8n6ijRxwd4ERUo="></latexit>

Probability f(�) feas.

0.0288 -3.178 X
0.0270 -3.178 X
0.0157 -3.158 x
0.0225 -3.139 X
. . . . . . . . .

0.0196 -3.139 X
<latexit sha1_base64="lugszq20kT86dSsjwh8aXkarkj0="></latexit>Spin Cluster 

Implementation
Probability f(�) feas.

0.2651 -20.00 X
0.2651 -20.00 X
0.0359 -19.80 X
0.0359 -19.80 X

<latexit sha1_base64="1HyfLsQyOlth/Z9IINhmSCo8mCE="></latexit>

Probability f(�) feas.

0.2651 -20.00 X
0.2651 -20.00 X
0.0359 -19.80 X
0.0359 -19.80 X

<latexit sha1_base64="1HyfLsQyOlth/Z9IINhmSCo8mCE="></latexit>

Probability f(�) feas.

0.1291 -20.00 X
0.1105 -20.00 X
0.0554 -19.80 X
. . . . . . . . .

0.0298 -19.80 X
<latexit sha1_base64="WDL7yNwoFuddofXcK1kryyS6NXA="></latexit>
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Conclusions

• The D-Wave’s hardware constraints present significant challenges for 
discrete optimization 
• Fixed coefficient range and effective temperature (0.1) 
• Sparse hardware graph 

• Finding problems that are well suited to the hardware is challenging 

• Very clever encodings are likely required to find optimal solutions w.h.p. 

• Another possibility, consider problems beyond discrete optimization 
• sampling applications 
• stochastic optimization



Thanks! 

Questions?




